In this paper, we provide some results related to the ∆ 2 -condition of MusielakOrlicz functions and ϕ-families of probability distributions, which are modeled on Musielak-Orlicz spaces. We show that if two ϕ-families are modeled on MusielakOrlicz spaces generated by Musielak-Orlicz functions satisfying the ∆ 2 -condition, then these ϕ-families are equal as sets. We also investigate the behavior of the normalizing function near the boundary of the set on which a ϕ-family is defined.
Introduction
In [10] , ϕ-families of probability distributions are introduced as a generalization of exponential families of probability distributions [8, 7] . The main idea leading to this generalization is the replacement of the exponential function with a ϕ-function (a definition is given below). These families (of probability distributions) are subsets of the collection P µ of all µ-a.e. strictly positive probability densities. What the papers [8, 7, 10] provide is a framework endowing P µ with a structure of C ∞ -Banach manifold [5] , where a family constitutes a connected component of P µ . These families are modeled on Musielak- Orlicz spaces (exponential families are modeled on exponential Orlicz spaces) [6, 4, 9] .
In many properties of these spaces, the ∆ 2 -condition of Musielak-Orlicz functions plays a central role. For example, a Musielak-Orlicz space L Φ is equal to the Musielak-Orlicz classL Φ if and only if the Musielak-Orlicz function Φ satisfies the ∆ 2 -condition. In this paper we investigate the ∆ 2 -condition in the context of ϕ-families. In Sect. 2, we show that if two ϕ-families are modeled on Musielak-Orlicz spaces generated by Musielak- Orlicz functions satisfying the ∆ 2 -condition, then these ϕ-families are equal as sets. In Sect. 3, we investigate the behavior of the normalizing function near the boundary of the set on which a ϕ-family is defined. In the rest of this section, ϕ-families are exposed.
A ϕ-family is the image of a mapping whose domain is a subset of a Musielak-Orlicz space. In what follows, this statement will be made more precise. Musielak-Orlicz spaces are just briefly introduced here. These spaces are thoroughly exposed in [6, 4, 9] . Let (T, Σ, µ) be a σ-finite, non-atomic measure space. A function Φ :
is convex and lower semi-continuous for µ-a.e. t ∈ T , (ii) Φ(t, 0) = lim u↓0 Φ(t, u) = 0 and lim u→∞ Φ(t, u) = ∞ for µ-a.e. t ∈ T , (iii) Φ(·, u) is measurable for each u ≥ 0.
We notice that Φ(t, ·), by (i)-(ii), is not equal to 0 or ∞ on the interval (0, ∞). A Musielak-Orlicz function Φ is said to be an Orlicz function if the functions Φ(t, ·) are the same for µ-a.e. t ∈ T .
Let L 0 denote the linear space of all real-valued, measurable functions on T , with equality µ-a.e. Given any Musielak-Orlicz function Φ, we denote the functional I Φ (u) = T Φ(t, |u(t)|)dµ, for any u ∈ L 0 . The Musielak-Orlicz space, Musielak-Orlicz class, and Morse-Transue space generated by a Musielak-Orlicz function Φ are defined by
respectively. The Musielak-Orlicz space L Φ is a Banach space when it is equipped with the Luxemburg norm
or the Orlicz norm (a1) ϕ(t, ·) is convex for µ-a.e. t ∈ T , (a2) lim u→−∞ ϕ(t, u) = 0 and lim u→∞ ϕ(t, u) = ∞ for µ-a.e. t ∈ T , (a3) ϕ(·, u) is measurable for each u ∈ R.
In addition, we assume a positive, measurable function u 0 : T → (0, ∞) can be found such that, for every measurable function c : T → R for which ϕ(t, c(t)) is in P µ , we have
The exponential function is an example of ϕ-function, since ϕ(t, u) = exp(u) satisfies conditions (a1)-(a3) and (a4) with u 0 = 1 T , where 1 A is the indicator function of a subset A ⊆ T . Another example of ϕ-function is the Kaniadakis' κ-exponential (see [2] and [10, Example 1]). Let ϕ ′ + (t, ·) denote the right derivative of ϕ(t, ·). In what follows, ϕ and ϕ ′ + denote the function operators ϕ(u)(t) := ϕ(t, u(t)) and ϕ ′ + (u)(t) := ϕ ′ + (t, u(t)), respectively, for any real-valued function u : T → R.
A ϕ-family is defined to be a subset of the collection
where E[·] =´T (·)dµ denotes integration with respect to µ. For each probability density p ∈ P µ , we associate a ϕ-family F ϕ c ⊂ P µ centered at p, where c : T → R is a measurable function such that p = ϕ(c). The Musielak-Orlicz space L Φc on which the ϕ-family F ϕ c is modeled is given in terms of the Musielak-Orlicz function
We will use the notation L 
The elements of the ϕ-family F ϕ c ⊂ P µ centered at p = ϕ(c) ∈ P µ are given by the one-to-one mapping
where the set B 2 The ∆ 2 -condition and ϕ-families A Musielak-Orlicz function Φ is said to satisfy the ∆ 2 -condition, or to belong to the ∆ 2 -class (denoted by Φ ∈ ∆ 2 ), if a constant K > 0 and a non-negative function f ∈L Φ can be found such that
for all u ≥ f (t), and µ-a.e. t ∈ T.
It is easy to see that, if a Musielak-Orlicz function Φ satisfies the ∆ 2 -condition, then
In this case, L Φ ,L Φ and E Φ are equal as sets. On the other hand, if the Musielak-Orlicz function Φ does not satisfy the ∆ 2 -condition, then E Φ is a proper subspace of L Φ . In addition, we can state:
Then we can find functions u * and u * in L Φ such that
and
This lemma is a well established result for Orlicz functions (see [4, Sect. 8.4] ). A proof of Lemma 1 is given in [11] . The next result shows that we can always find a ϕ-family modeled on a Musielak-Orlicz space generated by a Musielak-Orlicz function not satisfying the ∆ 2 -condition.
Proposition 2. Given any ϕ-function ϕ, we can find a measurable function c : T → R with E[ϕ(c)] = 1 such that the Musielak-Orlicz function Φ c (t, u) = ϕ(t, c(t) + u) − ϕ(t, c(t)) does not satisfy the ∆ 2 -condition.
Proof. Let A and B be two disjoint, measurable sets satisfying 0 < µ(A) < ∞ and
where c : T → R is a measurable function supported on B such that ϕ(t, c(t)) = β, for µ-a.e. t ∈ B. Because the function u is supported on A, we can write
On the other hand, since f is non-integrable, we have
Therefore, the Musielak-Orlicz function Φ c does not satisfy the ∆ 2 -condition.
The main result of this section is a consequence of the following proposition: 
Thus, for a sufficiently large n 0 ≥ 1, the set A = {t ∈ T n 0 : u(t) ≤ n 0 } satisfies
we can infer that
Let α > 0 be such that
where c : T → R is a measurable function supported on A such that ϕ(t, c(t)) = α, 
where in (8) we used that T \ A ⊆ F and (c − b)1 T \A = u1 T \A , and (9) follows from Proof. Given non-negative functions u * and u * in L ϕ c satisfying (4) and (5) in Lemma 1, we consider the functions
u 0 , and 
Proof. Observing that the normalizing function ψ is convex with ψ(0) = 0, we conclude that ψ u (λ) = ψ(λu) is non-decreasing and continuous in [0, 1). Moreover,
Assume that ψ(λu) tends to ∞ as λ ↑ 1. In this case, it is clear that
Since ϕ(c + λu − ψ(λu)u 0 ) ≤ ϕ(c + u1 {u>0} ), we can use the Dominated Convergence Therefore, lim λ↑1 (ψ u ) ′ + (λ) = ∞.
